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Abstract. Our aim in this paper is to study the existence of solutions to a phase-field
system based on the Maxwell-Cattaneo heat conduction law, with a logarithmic nonlinearity.
In particular, we prove, in one and two space dimensions, the existence of a solution which
is separated from the singularities of the nonlinear term.
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1. Introduction



































in a bounded and regular domain Ω ⊂ Rn, n = 1 or 2, with boundary ∂Ω. We
assume here that f = F ′, where
F (s) = − κ0s
2 + κ1[(1 + s) ln(1 + s) + (1 − s) ln(1 − s)],(1.5)
s ∈ (−1, 1), 0 < κ1 < κ0,
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i.e.,
(1.6) f(s) = −2κ0s+ κ1 ln
1 + s
1 − s
, s ∈ (−1, 1).
In particular, it follows from (1.6) that
(1.7) f ′(s) > −2κ0, s ∈ (−1, 1)
and
(1.8) F (s) > −c0, c0 > 0, s ∈ (−1, 1).
Also note that F is bounded. We further assume that
(1.9) u0 ∈ H
1
0 (Ω) ∩H
3(Ω), α0 ∈ H
1
0 (Ω) ∩H





(1.10) ‖u0‖L∞(Ω) < 1,
where ‖ · ‖X denotes the norm on the Banach space X , and that the following
compatibility conditions hold:
(1.11) ∆u0 = ∆α0 = 0 on ∂Ω.
Equations (1.1)–(1.2) have been proposed in [23] (see also [20] and [21]) as a
generalization of the Caginalp phase-field system (see [4]). In this context, u is the




θ dτ + α0,
where θ is the relative temperature.













has been introduced in [4] to model phase transition phenomena, e.g., melting-
solidification phenomena, in certain classes of materials. This equation has been
extensively studied (see, e.g., [1], [2], [3], [4], [9], [11], [13], [14], [27], and [31] for
regular nonlinearities and [6], [7], [17], and [28] for singular ones).
The Caginalp system can be derived by considering the (total) Ginzburg-Landau
free energy





|∇u|2 + F (u) − θu
)
dx










= − div q,
where d > 0 is a relaxation parameter, ∂ denotes a variational derivative and q is the
thermal flux vector. The first equation means that one postulates, in the bulk Ω, a
relaxation dynamics for the order parameter u (note that, at equilibrium, uminimizes
the Ginzburg-Landau free energy), while the other corresponds to the heat balance.
Setting d = 1 and taking into account the usual Fourier law
(1.18) q = −∇θ,
we find (1.13)–(1.14).
Now, one drawback of the Fourier law is that it predicts that thermal signals
propagate at infinite speed, which violates causality (the so-called “paradox of heat
conduction”, see [10]).
One possibility to correct this unrealistic feature is to replace the Fourier law by the
Maxwell-Cattaneo law (see [10]; see also [24] and [25] for other possibilities, based
on an alternative treatment for a thermomechanical theory of deformable media
proposed by Green and Naghdi in [19] or on a three-phase-lag heat conduction law








where η is a relaxation parameter (which is small (of the order of picoseconds) in
most situations, although this may not be the case for some materials; see [10]); when
η = 0, one recovers the Fourier law. This generalization of the Fourier law accounts
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for the finite speed of heat conduction by adding a term which is proportional to
the time derivative of the thermal flux vector and is called thermal inertia. Further-
more, the thermal relaxation constant η represents the time lag which is required to
establish steady heat conduction in a volume element once a temperature gradient
has been imposed.







− ∆θ = 0,


























where g depends on the initial data (for u and θ), which reduces to (1.2) when
g vanishes (note that this equation can also be obtained by considering the Caginalp




k(s)∇θ(t − s) ds,
accounting for memory effects, for an exponentially decaying kernel k(s) = e−s,
see [18] and [23]). Furthermore, noting that θ = (∂α/∂t), (1.13) can be rewritten in
the equivalent form (1.1).
Equations (1.1)–(1.4) have been studied, for regular nonlinearities, in [23] (see
also [20] and [21]); a typical choice of a regular potential is the double-well potential
F (s) = 14 (s
2 − 1)2, i.e., f(s) = s3 − s.
Now, the above regular cubic nonlinear term is actually taken as an approximation
of the logarithmic function (1.6) which is thermodynamically consistent (see [5]); in
particular, the logarithmic terms are related with the entropy.
Our aim in this paper is to prove the existence of a solution in the case of the log-
arithmic nonlinearity (1.6). The main difficulty is to prove that the order parameter
is separated from the singularities of f . In particular, we are only able to prove such
a property in one and two space dimensions.
Throughout the paper, the same letter c (and, sometimes, c′) denotes constants
which may change from line to line.
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2. A priori estimates
We a priori assume that
‖u‖L∞((0,T )×Ω) < 1,
where T > 0 is an arbitrary final time.




























where ‖ · ‖ denotes the usual L2-norm, with associated scalar product ((·, ·)).























































E = ‖∇u‖2 + 2
∫
Ω











which yields, recalling that F is bounded, estimates on u in L∞(0, T ;H10(Ω)), on
(∂u/∂t) in L2(0, T ;L2(Ω)), on α in L∞(0, T ;H10(Ω)) and on (∂α/∂t) in L
∞(0, T ;
L2(Ω)).




































































































































hence estimates on (∂u/∂t) in L∞(0, T ;L2(Ω)) and L2(0, T ;H10 (Ω)) (note that
(∂u/∂t)(0) = ∆u0 − f(u0) + α1).

















hence an estimate on u in L2(0, T ;H10(Ω) ∩H
2(Ω)).






























hence estimates on α in L∞(0, T ;H10 (Ω)∩H
2(Ω)) and on (∂α/∂t) in L∞(0, T ;H10(Ω)).
Our aim now is to prove that u a priori satisfies
(2.8) ‖u(t)‖L∞(Ω) 6 1 − δ, t ∈ [0, T ],
where δ ∈ (0, 1) depends only on the initial data and the final time T .
In one space dimension, we have, owing to the embedding H1(Ω) ⊂ L∞(Ω), an
estimate on (∂α/∂t) in L∞((0, T )×Ω). It is then not difficult to prove the separation
property (2.8) for solutions to the parabolic equation
∂u
∂t
− ∆u+ f(u) = g
with right-hand side g ∈ L∞((0, T ) × Ω).
Indeed, let δ ∈ (0, 1) be such that








− ∆U + f(u) − f(δ) = g − f(δ).





which yields, owing to Gronwall’s lemma and noting that U+(0) = 0, that u(t) 6 δ,
∀ t ∈ [0, T ]. Finally, (2.8) follows from the fact that f is odd and by proceeding
similarly for a lower bound.
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We now turn to the two-dimensional case. To this end, we first prove




eL|f(u(x,t))| dxdt 6 c,
where c = c(L) depends only on the initial data and the final time T .
P r o o f. We proceed as in [28].




− ∆u+ f(u) = g,
where
(2.14) ‖g(t)‖H10(Ω) 6 c, t ∈ [0, T ],
where c depends only on the initial data and T . We can also assume, without loss
of generality, that
(2.15) f ′(s) > 0, s ∈ (−1, 1)
(i.e., κ0 = 0 in (1.6); indeed, f + 2κ0I satisfies (2.15) and u ∈ L
∞(0, T ;H10(Ω))).
















































where c depends on the initial data.
In order to estimate the second term on the right-hand side of (2.17), we use the
following Young’s inequality (see [12] and [22]):
(2.18) ab 6 ϕ(a) + ψ(b), a, b > 0,
where
(2.19) ϕ(s) = es − s− 1, ψ(s) = (1 + s) ln(1 + s) − s, s > 0.
Taking a = N |g| and b = N−1|f(u)|eL|f(u)|, where N > 0 is to be fixed later,
in (2.18), we obtain
|g||f(u)|eL|f(u)| 6 eN |g| + (1 +N−1|f(u)|eL|f(u)|) ln(1 +N−1|f(u)|eL|f(u)|).
Now, if |f(u)| 6 1, then
|g||f(u)|eL|f(u)| 6 eN |g| + (1 +N−1eL) ln(1 +N−1eL).
Furthermore, if |f(u)| > 1, then |f(u)|eL|f(u)| > 1 and
|g||f(u)|eL|f(u)|
6 eN |g| + (1 +N−1|f(u)|eL|f(u)|) ln((1 +N−1)|f(u)|eL|f(u)|)
= eN |g| + LN−1|f(u)|2eL|f(u)| +N−1 ln(1 +N−1)|f(u)|eL|f(u)|
+N−1|f(u)| ln(|f(u)|)eL|f(u)| + L|f(u)| + ln(|f(u)|) + ln(1 +N−1)
6 eN |g| +N−1(L + 1 + ln(1 +N−1))|f(u)|2eL|f(u)|
+ (1 + L)|f(u)| + ln(1 +N−1)




because (1 + L)|f(u)| 6 14 |f(u)|
2 + (1 + L)2 6 14 |f(u)|
2eL|f(u)| + (1 + L)2, where
c depends on N and L. Choosing finally N = N(L) large enough, we find, in both
cases,














where c depends only on the initial data, T and L.








, ∀ v ∈ H1(Ω),





|f(u)|2eL|f(u)| dxdt 6 c,


















where c depends on T and L, (2.23) yields the desired inequality (2.12). 
It is not difficult to show, by comparing growths, that the logarithmic function f
satisfies
(2.24) |f ′(s)| 6 ec|f(s)|+c
′









whence, owing to (2.12),
(2.25) ‖f ′(u)‖Lp((0,T )×Ω) 6 c, ∀ p > 1,
where c depends only on the initial data and T (and p).
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(2.27) h = −
∂α
∂t






satisfies, owing to (2.25) (for p = 4) and the above a priori estimates (which
imply that (∂u/∂t) ∈ L∞(0, T ;L2(Ω)) ∩ L2(0, T ;H10 (Ω)) ⊂ L
4(0, T ;H1/2(Ω)) ⊂
L4((0, T ) × Ω)),
(2.28) ‖h‖L2((0,T )×Ω) 6 c,
where c depends only on the initial data and T .


























dxdt 6 c, t ∈ [0, T ],
where c depends only on the initial data and T (recall that u0 ∈ H
3(Ω)).











where A denotes the minus Laplace operator with Dirichlet boundary conditions.





























and we deduce from (2.29) and (2.31) estimates on α in L∞(0, T ;H10(Ω) ∩H
3(Ω))
and on (∂α/∂t) in L∞(0, T ;H10 (Ω) ∩H
2(Ω)).




− ∆u+ f(u) = g,
we have, owing to the above estimates,
(2.33) g ∈ L∞((0, T ) × Ω)
and the separation property follows as in the one-dimensional case.
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3. Existence of solutions
We have
Theorem 3.1. We assume that (1.9)–(1.11) hold. Then, (1.1)–(1.4) possesses
at least one solution (u, α) such that u ∈ L∞(0, T ;H10(Ω) ∩ H
3(Ω)), (∂u/∂t) ∈
L∞(0, T ;H10(Ω)) ∩ L
2(0, T ;H10(Ω) ∩ H
2(Ω)), α ∈ L∞(0, T ;H10(Ω) ∩ H
3(Ω)) and
(∂α/∂t) ∈ L∞(0, T ;H10 (Ω) ∩H
2(Ω)), ∀T > 0.
P r o o f. The proof of existence is standard, once we have the separation prop-
erty (2.8), since the problem then reduces to one with a regular nonlinearity.
Indeed, we consider the same problem, in which the logarithmic function f is







f(s), |s| 6 δ,
f(δ) + f ′(δ)(s− δ), s > δ,
f(−δ) + f ′(−δ)(s+ δ), s < −δ,
where δ is the same constant as in (2.8).
This function meets all the requirements of [23] to have the existence of a regular
solution (uδ, αδ).
Furthermore, it is not difficult to see that f and fδ satisfy (1.7), (1.8), and (2.24)
for the same constants (taking, if necessary, δ close enough to 1 so that f and
f ′ are nonnegative on [δ, 1) and |fδ| 6 |f |). We can thus derive the same estimates
as above, with the very same constants. Indeed, we can note that the bounds on
(∂α/∂t) obtained there depend only on f through the constants in (1.7), (1.8), and
(2.24) (recall that ‖u0‖L∞(Ω) 6 δ).
Since f and fδ coincide on [−δ, δ], we finally deduce that uδ is a solution to the
original problem. 
R em a r k 3.2. Actually, in one space dimension, we can take less regular initial
data, namely, u0 ∈ H
1
0 (Ω) ∩H
2(Ω), θ0 ∈ H
1
0 (Ω) ∩H
2(Ω), and θ1 ∈ H
1
0 (Ω).
R em a r k 3.3.
(i) In one space dimension, we can more generally consider a nonlinear function
f ∈ C2(−1, 1) which satisfies
(3.1) f(0) = 0, lim
±1
f = ±∞, lim
s→±1
f ′ = ∞.
(ii) In two space dimensions, we would need, in addition to (3.1), the following
assumption:
(3.2) |f ′(s)| 6 ec|f(s)|+c
′
, s ∈ (−1, 1), c, c′ > 0.
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R em a r k 3.4. The difficulty, in three space dimensions, is to obtain an estimate
on (∂α/∂t) in L∞((0, T ) × Ω). We can nonetheless prove such an estimate if we
assume that f has “strong” singularities at ±1, which excludes logarithmic nonlinear
terms (see also [6], [16], [28], and [29] for similar situations). To do so, we assume
that f satisfies, in addition to (3.1),
(3.3) |f ′(s)| 6 c|f(s)|6/5 + c′, s ∈ (−1, 1), c, c′ > 0.




− ∆u+ f(u) = g,
where, in three space dimensions, g ∈ L6((0, T )×Ω). Multiplying (3.4) by f(u)5 we





F(u) dx+ 5((f ′(u)|f(u)|4∇u,∇u)) +
∫
Ω












5 dτ , which yields that f(u) ∈ L6((0, T ) × Ω), hence f ′(u) ∈
L5((0, T ) × Ω) owing to (3.3). Now we have, in three space dimensions,
∂u
∂t
∈ L∞(0, T ;L2(Ω))∩L2(0, T ;H10 (Ω)) ⊂ L
10/3(0, T ;H3/5(Ω)) ⊂ L10/3((0, T )×Ω)
and we can conclude as above in two space dimensions (indeed, f ′(u)(∂u/∂t) ∈




, r > 5, c > 0,
close to ±1. Unfortunately, as already mentioned, the logarithmic functions (1.6) do
not satisfy this condition.
R em a r k 3.5. We can easily prove the uniqueness of solutions satisfying the sep-
aration property, i.e., those which are given by the above approximation procedure.
Now, there may very well be other solutions, obtained by a different approximation
argument, which do not satisfy the separation property (2.8). Actually, in order to
obtain the full uniqueness result, we need to integrate (1.2) (written for the difference




+ θ − ∆
∫ t
0
θ dτ = −
∫ t
0
u dτ − u.
We then need an estimate on (∂θ/∂t) in L2(0, T ;L2(Ω)), but, due to the hyperbolic
nature of (3.5) (and (1.2)), we have not been able to derive such an estimate.
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R em a r k 3.6. We can also consider, as in [23], a quasistatic model for the order
parameter (which can be justified by taking η small in (1.19)), i.e., we consider,







− ∆α = −u.
In that case, it is not difficult to derive (the same first) a priori estimates as in
Section 1 and, in particular, an estimate on u in L2(0, T ;H10 (Ω)×H
2(Ω)). Rewriting







+Aα = −u in L2(Ω),

















hence an estimate on (∂α/∂t) in L∞(0, T ;H10 (Ω) ∩ H
2(Ω)). Finally, proceeding as
above, we obtain the separation property (2.8), without any restriction on the space
dimension. We can also note that, for this quasistatic model, the uniqueness is
straightforward.
R em a r k 3.7. We also considered in [26] a heat conduction law based on type III
thermoelasticity (see [19]). In that case, we have the following “strongly” damped











Due to the higher dissipation given by the term −∆(∂α/∂t), it is easier to obtain an
estimate on (∂α/∂t) in L∞(0, T ;H10 (Ω)∩H
2(Ω)), hence the separation property (2.8)
which, in particular, holds in three space dimensions. This term also allows to prove
the uniqueness of solutions.
Acknowledgment. The author wishes to thank the anonymous referee for
her/his careful reading of this paper and useful comments.
227
References
[1] S. Aizicovici, E. Feireisl, F. Issard-Roch: Long-time convergence of solutions to a
phase-field system. Math. Methods Appl. Sci. 24 (2001), 277–287.
[2] D. Brochet, D. Hilhorst, X. Chen: Finite dimensional exponential attractors for the
phase-field model. Appl. Anal. 49 (1993), 197–212.
[3] M. Brokate, J. Sprekels: Hysteresis and Phase Transitions. Springer, New York, 1996.
[4] G. Caginalp: An analysis of a phase field model of a free boundary. Arch. Ration. Mech.
Anal. 92 (1986), 205–245.
[5] J.W. Cahn, J. E. Hilliard: Free energy of a nonuniform system. I. Interfacial free energy.
J. Chem. Phys. 2 (1958), 258–267.
[6] L. Cherfils, S. Gatti, A. Miranville: Existence of global solutions to the Caginalp
phase-field system with dynamic boundary conditions and singular potentials. J. Math.
Anal. Appl. 343 (2008), 557–566; Corrigendum, J. Math. Anal. Appl. 348 (2008),
1029–1030.
[7] L. Cherfils, A. Miranville: Some results on the asymptotic behavior of the Caginalp
system with singular potentials. Adv. Math. Sci. Appl. 17 (2007), 107–129.
[8] L. Cherfils, A. Miranville: On the Caginalp system with dynamic boundary conditions
and singular potentials. Appl. Math. 54 (2009), 89–115.
[9] R. Chill, E. Fašangovà, J. Prüss: Convergence to steady states of solutions of the
Cahn-Hilliard and Caginalp equation with dynamic boundary conditions. Math. Nachr.
279 (2006), 1448–1462.
[10] C. I. Christov, P.M. Jordan: Heat conduction paradox involving second-sound propa-
gation in moving media. Phys. Rev. Lett. 94 (2005), 154301.
[11] C.M. Elliott, S. Zheng: Global existence and stability of solutions to the phase field
equations. In: Free boundary value problems (Proc. Conf. Oberwolfach, 1989). Int. Ser.
Numer. Math. 95 (1990), 46–58.
[12] H. Gajewski, K. Zacharias: Global behaviour of a reaction-diffusion system modelling
chemotaxis. Math. Nachr. 195 (1998), 77–114.
[13] C.G. Gal, M. Grasselli: The non-isothermal Allen-Cahn equation with dynamic bound-
ary conditions. Discrete Contin. Dyn. Syst. 22 (2008), 1009–1040.
[14] S. Gatti, A. Miranville: Asymptotic behavior of a phase-field system with dynamic
boundary conditions. In: Differential Equations. Inverse and Direct Problems. Proc.
Workshop “Evolution Equations: Inverse and Direct Problems”, Cortona, June 21–25,
2004. A series of Lecture Notes in Pure and Applied Mathematics, Vol. 251 (A. Favini,
A. Lorenzi, eds.). CRC Press, Boca Raton, 2006, pp. 149–170.
[15] M. Grasselli, A. Miranville, V. Pata, S. Zelik: Well-posedness and long time behavior
of a parabolic-hyperbolic phase-field system with singular potentials. Math. Nachr. 280
(2007), 1475–1509.
[16] M. Grasselli, A. Miranville, G. Schimperna: The Caginalp phase-field system with cou-
pled dynamic boundary conditions and singular potentials. Discr. Contin. Dyn. Syst.
28 (2010), 67–98.
[17] M. Grasselli, H. Petzeltová, G. Schimperna: Long time behavior of solutions to the
Caginalp system with singular potential. Z. Anal. Anwend. 25 (2006), 51–72.
[18] M. Grasselli, V. Pata: Existence of a universal attractor for a fully hyperbolic phase-field
system. J. Evol. Equ. 4 (2004), 27–51.
[19] A.E. Green, P.M. Naghdi: A re-examination of the basic postulates of thermomechan-
ics. Proc. R. Soc. Lond. A 432 (1991), 171–194.
[20] J. Jiang: Convergence to equilibrium for a parabolic-hyperbolic phase-field model with
Cattaneo heat flux law. J. Math. Anal. Appl. 341 (2008), 149–169.
228
[21] J. Jiang: Convergence to equilibrium for a fully hyperbolic phase field model with Cat-
taneo heat flux law. Math. Methods Appl. Sci. 32 (2009), 1156–1182.
[22] A. Kufner, O. John, S. Fučík: Function Spaces. Noordhoff International Publish-
ing/Academia, Leyden/Prague, 1977.
[23] A. Miranville, R. Quintanilla: A generalization of the Caginalp phase-field system based
on the Cattaneo law. Nonlinear Anal., Theorey Methods Appl. 71 (2009), 2278–2290.
[24] A. Miranville, R. Quintanilla: Some generalizations of the Caginalp phase-field system.
Appl. Anal. 88 (2009), 877–894.
[25] A. Miranville, R. Quintanilla: A phase-field model based on a three-phase-lag heat
conduction. Appl. Math. Optim. 63 (2011), 133–150.
[26] A. Miranville, R. Quintanilla: A type III phase-field system with a logarithmic potential.
Appl. Math. Lett. 24 (2011), 1003–1008.
[27] A. Miranville, S. Zelik: Robust exponential attractors for singularly perturbed
phase-field type equations. Electron. J. Differ. Equ. (2002), 1–28. Paper No. 63, elec-
tronic only.
[28] A. Miranville, S. Zelik: Robust exponential attractors for Cahn-Hilliard type equations
with singular potentials. Math. Methods Appl. Sci. 27 (2004), 545–582.
[29] A. Miranville, S. Zelik: The Cahn-Hilliard equation with singular potentials and dy-
namic boundary conditions. Discr. Contin. Dyn. Syst. 28 (2010), 275–310.
[30] S.K. Roy Choudhuri: A thermoelastic three-phase-lag model. J. Thermal Stresses 30
(2007), 231–238.
[31] Z. Zhang: Asymptotic behavior of solutions to the phase-field equations with Neumann
boundary conditions. Commun. Pure Appl. Anal. 4 (2005), 683–693.
Author’s address: A. Miranville, Université de Poitiers, Laboratoire de Mathématiques
et Applications, UMR CNRS 7348, SP2MI, Boulevard M. et P. Curie-Téléport 2, F-86962
Chasseneuil Futuroscope Cedex, France, e-mail: Alain.Miranville@univ-poitiers.fr.
229
